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Abstract. We consider a class of nonautonomous elliptic operators with 
unbounded coefficients defined in [0, T] X M. N and we prove optimal Schauder 
estimates for the solution to the parabolic Cauchy problem Dtu = s£u + /, 
u(0, ■) = <?■ 

1. Introduction 

In this paper we deal with a class of nonautonomous elliptic operators defined 

by 

N N 

£?(p(t,x) = qij(t,x)Dijip(x) + bj (t, x)Dj(p(x) + c(t, x)cp(x), 
i,i=l 3=1 

on smooth functions ip : M. N — > R. We consider possibly unbounded coefficients 
defined in [0, T] x R N , smooth with respect to x and continuous or just measurable 
with respect to time. We are interested in optimal Schauder estimates for the 
solution to the Cauchy problem 

j D t u(t,x)=£/u{t,x)+g(t,x), t€[0,T], x G R w , 
1 u{0,x) = f(x), x G R N . 



In the case when the coefficients of the operator are smooth enough in [0, T] x 
R w and satisfy suitable algebraic and growth conditions at infinity (see Hypotheses 
2.1), we prove that, for any / G C^ +e (R N ) and any continuous function g : [0, T] x 
R N -> R such that g(t, •) G C%(R N ) for any t G [0,T] and 

(1.2) sup \\g(t, -)llc*(R«) < 

te[o,T] " 

there exists a unique classical bounded solution to problem (1.1), i.e., there exists a 
unique bounded function u : [0, T] x M. N — ► R which (i) is continuously diffcrcntiable 
in [0, T] x Mr, once with respect to the time variable and twice with respect to 
the spatial variables, (ii) solves the differential equation in (1.1), (iii) satisfies the 
condition it(0, •) = /. Further, we have a Schauder type regularity result, i.e., the 
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function u(t, •) belongs to C% +e (M. N ) for any t G [0,T] and there exists a positive 
constant C such that 

(1.3) sup \\u(t,-)\\ C 2+e, RN) < C{ ||/|| C 2 +9(RJV) + sup \\g(t,-)\\ c eni») )■ 

te[o,r] 6 v ; V b ' te[o,T] 6 / 

In the case of discontinuous coefficients, under suitable assumptions (see Hy- 
potheses 3.2), we can still prove an existence and uniqueness theorem for problem 
(1.1) as well as optimal Schauder estimates. Here, we assume that the function g 
is measurable in [0, T] x 1SL N and it satisfies condition (1.2). The lack of regularity 
of the data with respect to the time variable prevents the solution from being con- 
tinuously differentiable with respect to the time variable. Hence, we introduce an 
appropriate definition of solution to problem (1.1), adapted to the discontinuity of 
the data (see Definition 3.3). Then, we prove that there exists a unique solution to 
the problem (1.1) in the sense of Definition 3.3. This solution u satisfies estimate 
(1.3). Roughly speaking, the main difference with the case when the coefficients 
are smooth, is that now the function u(-, x) is differentiable for any x G K w almost 
everywhere in [0, T] and that the differential equation is satisfied almost everywhere 
in [0, T] x R N . Both for smooth and nonsmooth coefficients, the uniqueness of the 
solution to problem (1.1) follows from a variant of the classical maximum principle 
(see Propositions 2.2 and 3.6), which can be proved assuming the existence of a 
suitable Lyapunov function (see Hypothesis 2.1(vii)). 

For autonomous equations with unbounded smooth coefficients, Schauder theo- 
rems of this type were obtained in [1, 13] as a consequence of optimal estimates in 
the sup norm of the spatial derivatives of the solution to the homogeneous Cauchy 
problem 

f D t u(t,x)=£/u(t,x), te[0,T], xeR N , 

{ u(0,x) = f(x), xeR N , 

when / belongs to suitable spaces of Holder continuous functions. See also [3]. 

To the best of our knowledge, the first papers dealing with optimal Schauder 
estimates of the type (1.3) are [7, 8, 9] where bounded and continuous coefficients 
satisfying (1.2) were considered. Recently, the results in [7, 8, 9] have been extended 
in [10] to discontinuous bounded coefficients still satisfying (1.2) and in [11] to 
operators si of the type 

N N 

s/(p(t,x) = ^ Qij(t)Dij'P( x ) + X! hj(t)xjDicp(x), 

with bounded coefficients qij and bij = 1, . . . ,7V). When s/ is an Ornstein- 
Uhlenbeck operator things are easier than in the general case, since an explicit 
formula for the solution to (1.4) is known. Hence, one can obtain uniform estimates 
for the spatial derivatives of the solution to problem (1.4) just differentiating the 
formula which defines u. On the contrary, no explicit formulas are available for 
more general elliptic operators. 

Very recently, Krylov and Priola (see [6]) have studied more general nonau- 
tonomous elliptic operators with unbounded and less regular coefficients, using 
different techniques. Their interesting results show global Schauder estimates for 
the solutions to the parabolic equation D t u + sdu = / in (T, +oo) x M. N when 
T G [-co, +oo) and, as a byproduct, Schauder estimates for the solution to prob- 
lem (1.1), thus extending the results of [10]. Roughly speaking, in [6] the diffusion 
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coefficients are supposed to be bounded, whereas the drift coefficients may grow at 
most linearly at infinity, with respect to the spatial variables. 

In this paper we prove optimal Schauder estimates for nonautonomous elliptic 
operators whose coefficients may grow faster than linearly at infinity. In the first 
part of the paper (see Section 2), we consider the case when the coefficients are 
smooth in [0, T] x M. N , adapting the techniques in [1, 13]. First, in Subsection 2.1, 
we prove that problem (1.4) admits a unique bounded classical solution u for any 
/ G C b (R N ). Subsection 2.2 is then devoted to prove uniform estimates for the 
derivatives (up to third-order, and with respect to the sup-norm in M. N ) of the 
solution to problem (1.4) when / belongs to suitable spaces of Holder continuous 
functions. Finally, these uniform estimates and an abstract interpolation method 
(see [12]) yield optimal Schauder estimates (see Subsection 2.3). In the second 
part of the paper, we turn our attention to the case of discontinuous (in time) 
coefficients. We prove the optimal Schauder estimates approximating the operator 

by a, sequence of elliptic operators srf^ n > which satisfy the assumptions of the first 
part of the paper, and using a compactness argument. The arguments in the proof 
of Theorem 3.7 can then be used to weaken a bit the assumptions of Section 2 and 
prove the Schauder estimates of Theorem 2.7 without any assumption of Holder in 
time regularity of the coefficients of £/. See Theorem 3.8. Finally, in Section 4, we 
exhibit a class of elliptic operators to which the optimal Schauder estimates may 
be applied. 

Notations. Cb(R N ) denotes the set of all bounded and continuous functions / : 
R. N — > R. We endow it with the sup-norm || ■ ||oo. For any k > (possibly k = +oo), 
Cj;(R N ) denotes the subset of C b (R N ) of all functions / : R w — > R that are con- 
tinuously diffcrcntiable in R N up to [/c]th-ordcr, with bounded derivatives and such 
that the [fc]th-order derivatives are (k — [fc])-H61der continuous in M. N . C k (M. N ) is 
endowed with the norm \\f\\ C k {RN) := E| Q |<[fc] ll^/IU +J2\ a \=[k)[ Da f]c^- lk] (Wy 
C k (R N ) (k G NU {+oo}) denotes the subset of C£(R W ) of all compactly supported 
functions. 

For any domain D C R x R^ and any a G (0, 1), C a ^ 2 ' a (D) denotes the space 
of all Holder-continuous functions with respect to the parabolic distance of R^" 1 " 1 . 
Similarly, for any h, k G NU {0} and any a G [0, 1), C h+a / 2 > k+a {D) denotes the set 
of all functions / : D — » R which (i) are continuously differentiable in D up to the 
/ith-order with respect to time variable, and up to the kth order with respect to 
the spatial variables, (ii) the derivatives of maximum order are in C a / 2 ' a (D) (here, 
C°-° := C). Finally, we use the notation (j^+ a / 2 ' k + a ^ denote the set of all 
functions / : D — > R which are in C h+a ^ 2 - k+a (D ) for any compact set D C D. 

For any measurable set E, we denote by He the characteristic function of E, i.e.. 
He (a;) = 1 if x G E, He 0*0 = otherwise. 

Given a N x N matrix we denote by Tr(Q) its trace. Further, we denote by (•, •) 
the Euclidean inner product of R N . 

2. The case of smooth coefficients 

Throughout this section, we make the following assumptions on the coefficients 
Qij, bj (i,j = l,..., N) and c of the operator g/. We denote by Q(t, x) and b(t, x) 
the matrix whose entries are the coefficients qij(t, x), and the vector whose entries 
are the coefficients bj(t,x), respectively. 
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Hypotheses 2.1. 

(i) the coefficients q+j, bj = 1, . . . , N) and c are thrice continuously differen- 
tiablc with respect to the spatial variables in [0, T] x and they belong to 
C 5 / 2 ' S ([0, T] x B(0, R)) for some S G (0, 1) and any R > 0, together with their 
first-, second- and third-order spatial derivatives; 

(ii) qij(t,x) = qji(t,x) for any i,j = 1, . . . , N and any (t,x) G [0,T] x R , and 

(Q(t,x)t,$ > v(t,x)\t\ 2 , t g [o,T], R w , 

for some function v : (0, T) x l w — > R such that 
inf i/(t, = > 0; 

(t,x)e(0,T)xR N 

(iii) there exist positive constants G\,C%, C3 such that 

(2.1) \Q(t,x)x\<C 1 (l + \x\ 2 )v(t,x), 

(2.2) Tr(Q(i, a;)) < C 2 (l + MX*, x), 

(2.3) (KM).*) < C 3 (l + |x| 2 )i/(i, x), 

for any < G [0, T] and any x G i w ; 

(iv) c(t, x) < Co for some real constant Co and any (t, x) G [0, T] x ] 

(v) there exist three positive constants K-y, K2 and K3 such that 

\DP qij (t,x)\ <K m u{t,x), 



N N 

*hk ! 

h.k,l.m—l h,k—l 



2J Di m qh k (t,x)^hk£,im < K 2 v{t,x) 2J 



for any i, j = 1, . . . , JV, any |/?| = 1, 3, any N x N symmetric matrix 3 = (£hfc) 
and any (t,x) G [0,T] x R w ; 

(vi) there exist three functions d,r,g : [0,T] x M. N — > R, with g > go f° r some 
positive constant goj and positive constants L\,L2-,Lj, such that 

(2.4) (D&ftaOCO <d(t,x)|£| 2 , 

(2.5) |D%-(t,x)|<r(t,aj), 

(2.6) |£> 7 c(M)l <e(*,a:), 

(2.7) d(t, x) + L ir (t, x) + L 2 g 2 {t, x) < L 3 v{t, x), 

for any t G [0, T], any |/3| = 2, 3, any | — y | = 1, 2, 3, any j = 1, . . . , N and any 
x,£ G where L>& = (-Dj&j); 

(vii) there exist a positive function cp : M. N — ► R and A > such that ip tends to 
+00 as \x\ — > +00 and 

(2.8) sup {s/(p(t,x) - \ip(x)} < +00. 

(t,i)e[0,T]xR N 

2.1. The homogeneous Cauchy problem associated with the operator s/. 

In this subsection, for any s G [0, T), we consider the homogeneous Cauchy problem 

j D t u[t, x) = s/<u(t, x), t G (s, T], x G R N , 
{ u(s,x) = f(x), x G M N . 

We are going to prove that, for any / G Ci,(R w ), problem (2.9) admits a unique 
bounded classical solution u (i.e., there exists a unique bounded and continuous 
function u : [s, T] x M. N — > R which is continuously differentiable in (s,T] x R w , 
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once with respect to time and twice with respect to the spatial variables, that 
satisfies (2.9)). 

Uniqueness of the bounded classical solution to problem (2.9) follows from the 
following variant of the classical maximum principle. 

Proposition 2.2. Fix s G [0,T). If u G C b ([s, T] x M Ar )nC 1 ^ 2 ((s, T] x R N ) satisfies 
( D t u(t, x) - rfu{t, x) < 0, te(s,T], xeR N , 
\ u(s,x) < 0, x G R N , 

then u < 0. 

Proof. The proof can be obtained repeating the arguments in the proof of the 
forthcoming Proposition 3.6, using the classical maximum principle instead of the 
Nazarov-Ural'tseva maximum principle. □ 

Theorem 2.3. Under Hypotheses 2.1, for any f G Cb(M. N ), the Cauchy problem 

(2.9) admits a unique bounded classical solution u. Moreover, 

(2.10) ||u(t,-)!loo<e co(t " s) ||/||oo, t€[s,T), 
where cq is as in Hypothesis 2.1(iv). 

Proof. As it has been already remarked, the uniqueness part is a straightforward 
consequence of Proposition 2.2. 

To prove the existence part of the statement, we first consider the case when / 
is nonnegative. For any n G N, let us consider the Cauchy-Dirichlet problem 

' D t v(t,x) =sfv(t,x), tG(s,T], x£B(0,n), 

(2.11) I v(t,x)=0, te(s,T], xedB(0,n), 

t v(s,x) = f(x), x G 5(0, n). 

By classical results (see e.g., [4, Theorem 3.5]) this problem admits a unique bounded 
solution u n G C 1,2 ({s, T] x B(0, n)) which is continuous in [s, T] x B(0, n) \ {(s, x) : 
x G dB(0,n)}. Moreover, the classical maximum principle shows that 

(2.12) \u n (t,x)\ ^e^-^H/IU (t,i)€[s,T]xBM 

and that the sequence u n (t,x) is increasing for any fixed (t,x). Classical interior 
Schauder estimates imply that the sequence (u n ) is bounded in C 1+s ^ 2 - 2+s (D) for 
any compact set D C (s,T] x R^. Here, 8 is the same number as in Hypothesis 
2.1(i). The Ascoli-Arzela theorem implies that u n converges in C 1,2 (D), for any D 
as above, to a function u which belongs to C^ S ^ 2 ' 2+S ((s, T) x R N ) and solves the 
differential equation in (2.11). 

Showing that u is continuous up to t = s and w(s, •) = / is a bit more tricky. It is 
straightforward if / G C 2+5 (R N ) since, in this case, the classical Schauder estimates 
show that (u n ) is bounded in C 1+s/2 ' 2+s (D) for any compact set D C [s,T] x R N . 
Hence, u n converges to u uniformly in [s,T] x K for any compact set K C 1^, 
so that u is continuous up to t = s and it therein equals the function /. Taking 
the limit as n — > +oo in (2.12), estimate (2.10) follows immediately. Using this 
estimate, it is then easy to show that u is continuous up to t — s and therein equals 
the function / also in the case when / G C C {R N ). 

In the general case when / G Ct,(R N ), continuity up to t — s can be obtained by 
a localization argument. Let us fix xq G R n and let n : R N — > R be a continuous 
function such that % B (x ,i) <V< ^b(x ,2)- Writing / = fn + f(l - rj), we split u n 



(i 



L. LORENZI 



into the sum of the functions v n and w n which are, respectively, the solutions to 
(2.11) with initial data -qf and (1 — rf)f. Since 77/ is compactly supported in R N , 
v n converges to the solution v to problem (2.9) with / being replaced by rjf. On 
the other hand, the classical maximum principle shows that 

\w n (t,x)\ <K(l-z n (t,x)), (t,x) G [s,T] x 5(0, n), 

for any n G N. Here, K = \\f\\oo and z n denotes the solution to problem (2.11), 
with / being replaced with the function r\. Since the function v„ + w n converges to 
u and z n converges to the solution to problem (2.9) as n — ► +00, it follows that 

\u(t,x)-f(x)\ < \v(t,x)-f(x)\+K(l-z(t,x)). 

Letting (t, x) — > (s, xq), one easily obtains that u(t, x) — f(x) tends to 0. Hence, u 
is continuous at (i, x) — (s, xq), where it equals f(xo). This completes the proof for 
nonnegativc data /. 

For a general / G Ch(R w ), the proof can be obtained splitting / = /+ — / _ , 
where / + = max{/, 0}, /~ = (— /) + . Clearly, the solution to problem (2.9) will 
be given by u+ — it_, where u+ and u+ are the solutions to problem (2.9), with / 
being replaced, respectively, by / + and / _ . □ 

In the rest of the paper, for any / G Cb(M. N ), we denote by G(t, s)f the value at 
time t of the unique bounded classical solution u to problem (2.9). 

2.2. Uniform estimates. This subsection is devoted to the proof of the following 
theorem. 

Theorem 2.4. Let Hypotheses 2.1 be satisfied. Then, for any a, [3 G [0,3], with 
a < P, there exists a positive constant C = C(a,/3) such that 

(2.13) \\G{t,s)f\\ cl[RN) <C(*-a)-^||/|| 0f( R*), /eQ*(R N ), 

for any t G (s, T] . 

The proof will be obtained in two steps. In the first one we will prove (2.13) 
when a, f3 G N. Then, using an interpolation argument we extend (2.13) to any a, (3 
as in the statement of the theorem. 

Let us introduce a few more notation. We denote by =2 and 38 the operators 
defined on functions f,g G C°^([0,T] x R N ) by 

2(f,9) = (QV X /,V X 3), 3g(J,g) = (DbV x f,V x g). 

2.2.1. The case when a, j3 G N. We first consider the case when a = 0, f3 = 3. For 
any n G N, let r\ : M. N — > R be the radial function defined by r){x) = ip(\x\/n) for any 
x G R w , where ip is a smooth nonincreasing function such that l[o,i/2] ^ ^ ^ ^[0,1] ■ 
We fix s G (0,T), and define the function 

v n {t,x) = \u n (t,x)\ 2 + a(t ~ s) V 2 \V x u n (t,x)\ 2 + a 2 {t - s) 2 V 4 \D 2 x u n (t,x)\ 2 
+a 3 (t-s) 3 n 6 \Dlu n (t,x)\ 2 , 

for any t G (s, T] and any x G i?(0, n), where u„ is the (unique) classical solution 
of the Dirichlet Cauchy problem 

!D t u(t,x) = £/u{t,x), t€[s,T], x€B(0,n), 
u(t,x) = 0, te[s,T], x€dB(0,n), 

u(s, x) = r](x)f(x), x £ B(0, n). 
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By classical results (see e.g., [4]), the function v n belongs to C 1,2 ((s, T)xB(0, n)). 
Moreover, it can be extended by continuity up to t = s setting v n (s, •) = \r]f\ 2 . 

A long but straightforward computation shows that the function v n solves the 
Cauchy problem 

D t v n (t, x) = Av„(t,x) + g n (t,x), te[s,T], x € B(0, n), 

v n (t,x) = 0, te[s,T], xedB(0,n), 



, v n (s,x) = (r]f) 2 (x), xeB(0,n), 
where g n = J2i=i 9i,n, with 

N 

gx, n = - 2c2(u„, u„) - 2a(t - s)t] 2 2J A%) 

i=i 

AT 



- 2a 2 (i - s)V ]T ^(DijUn, D ljUn ) 

TV 



i,jM=l 

N 

g 2 , n =2a(t - s)r] 2 @(u n , u n ) + 4a 2 (t - s)V ]T M{D t u n , D t u n ) 

i=l 

AT 

+ 6a 3 (t-s)V J] m{D ij u n ,D ii u n ), 

53 ,„ = -2o(t - s)(|V x w„| 2 + 6a(i - s)?y 2 |Z? 2 W „| 2 + 15a 2 (t - s) V^nl^M, 

<74,„ = - 2(^77 - cr;){a(t - s)?7| V x u„| 2 + 2a 2 (t - s) V|£ 2 u„| 2 
+ 3a 3 (i-.s)V|^ 3 u„| 2 } 

N N 

- 8a(t - s)r) ^2 3{r), DiU n )DiU n - 16a 2 (i - s) 2 ?7 3 ^ ^(77, D io u n )DijU n 

i—l — \ 

N 



24a 3 (t-s)V ^ £(r],D ijh u n )D ijh u n , 



i,j,h=X 

N 

g 5 , n =2a(t - s)ri 2 2J D h qij D h u n DijU n 

i,j,h=l 

N 

+ 4a 2 (t - s) 2 ?7 4 2J D h qijD hk u n Dij k u n 

i 7 j,h,k=l 
N 

+ 6a 3 (t - s) 3 ?7 6 2J D h q tj D hk iu n D ijk iu n , 

i : j ,h,k,l— 1 
AT 

g 6 .„ =2a 2 (i - s) 2 7/ 4 ^ D hk q i:j D i: jU n D hk u n 

i,j,h,k—l 
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N 

+ 6a 3 (t - s) 3 ?7 6 2J DhkqijDijiUnDhklUn 

i : j^h,k : l—l 
N 

+ 2a 2 (t - s) 2 rf 2J D jh b i D l u n D :jh u n 

i,j,h=l 
N 

+ 6a 3 (t - s) 3 i] 6 ^2 D jhbiD lk u n D jhk u n , 

i 7 j,h,k=l 
N 

97,n =2a 3 (i - s) 3 ?7 6 ^ D hkl q. i: jD i: jU n D hkl u n 

i,j ,h,k,l—l 
N 

+ 2a 3 (t - s) 3 r/ 6 ^ Djhf.biDiUnDjhf.Un, 

i,j,h,k—l 

g 8in = atf\V x u n \ 2 + 2a 2 (t - «)»/*|D»u„| 2 + 3 ° 3 (* ~ sfrf\Dlu n \ 2 , 
59, „ = 2cv n + 2a(t - s)r] u n {V x c, V x u n ) + Aa 2 {t - s) 2 rj (D 2 x u n ^/ ' x c, V x u n ) 

N 

+ 2a 2 (t- s) 2 V i u n Tr(D 2 x cD 2 x u n ) + 2a 3 (t- sfrfu n D ljh cD ljh u r 

i,j,h=l 

, N N 

+ 6a 3 (t - s) 3 rj e ( D. l cD jh u n D i j h u n + ^ D jh cDiU n D ljh u r 

i,j,h=l i.j,h—l 

Taking Hypothesis 2.1 (ii) into account, we easily deduce that 

gi,n < - 2v\V x ii n \ 2 - 2a(t - s)jfiy\D 2 x u n \ 2 - 2a 2 {t - s) 2 n 4 v\Dlu n \ 2 

(2.14) -2a 3 {t- sfrfv\D*u n \ 2 . 

As far as the function 52, n is concerned, we observe that condition (2.4) implies 
that ^(C,C) < d\V(\ 2 for any ( <E C 1 ^). Hence, we can estimate 

(2.15) g 2>n < 2a(t~s)dr ] 2 \W x u n \ 2 + 4a 2 (t- S ) 2 dr] i \D 2 x u n \ 2 + 6a 3 {t-s) 3 d V 6 \D 3 x u n \ 2 . 

The function 173. „ can be estimated trivially from above by zero. So, let us 
consider the function 34, „. Using conditions (2.1), (2.2) and (2.3) and recalling that 
V?7 and D 2 r] identically vanish in 5(0, n/2) and in \ B(0,n), it is not difficult 
to check that 

\Tr{Q{t,x)D 2 x r){x))\ <^-^ (20 1 \\^''\\ 00 +20 2 \\i>'\\ 0O n + 2C 1 \\i>'\\^)u(t,x), 

1 +n 2 

(b(t,x),V xV ) > -2C 3 ||^'||oo^2— K*,a:), 

n 

for any (t,x) £ [0,T] x 'SL N . Hence, for n sufficiently large, it holds that 

(2.16) ^ V ~cr,> -C'v := -4 ((d + C 2 + C 3 )||V'||oo + dll^'Hoo) v. 
Arguing similarly, we can estimate 

(2.17) |^,C)I < 4Ci||V'|| 0O i/|V 1B C| := C"i/|V x fl, 

for any function ( 6 C 1 (R 7V ). Using (2.16) and (2.17), we now get easily that 
9i,n <2aC'{t - s)vr)\V x u n \ 2 + 4a 2 C'(t - s) 2 vif\D 2 x u n \ 2 
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+ 6a 3 C'(t - s) 3 vr] 5 \D 3 x u n \ 2 + 8aC"(t - s^V x u n \\D 2 x u n \ 
+ l6a 2 C"(t - s) 2 rfv\D 2 x u n \\D 3 x u n \ + 24a 3 C"(t - sf rf v\D 3 x u n \\D A x u n 
Using Young inequality we can estimate 

r]\V x u n \\Dlu n \ < STf\D 2 x u n \ 2 + -i-lV^I 2 , 

4e 



4e 



V 2 \D 2 x u n \ 2 , 



r, b \D 3 u n \\D* Un \ < er, h \D x u n \ 2 + ^\D 6 x u. 



4|n3„, |2 
n | j 



for any e > 0. Hence, 

94.n <2a (C + Ti/|V a 

u ' 



C" 



4a [aC'T + 2C"e + ^aTj (t - s)vr) 2 \D 2 x u n \ 2 
2a 2 ( iaC'T + 8eC" + 3—aT) (t - s) 2 vn 4 \D 3 x u n \ 2 



(2.18) + 2Aa 3 C"e{t - sfvrf\Diu n \ 2 . 

The terms g§. „, <?6,n and <?7.„ can be estimated in a similar way. Hypotheses 
2.1(v) and 2.1(vi) imply that 

N 



J2 Dhq^D^QDhQ 



ij.h=l 
N 



<NK 1V \ VC||£> 2 C|, 



£ D hk q tJ D l3 (D hk C < K 2 iy\D 2 C\ 2 , 

i,j^h,k— 1 



/V 



^ DhkiqijDijCDhkiC 

i,j ,h,k,l—l 



N 



J2 DhkbjDjCDhkC 

j,h,k=l 



N 



^2 DhMbjDjCDhkiC 

j,h,k,l=l 

for any smooth function Hence, 

N" 



<NK 3 v\D 2 (\\D 3 (\, 
<rNi\\7(\\D 2 (\, 
<rN^\VC\\D 3 (\, 



2s 



g 5>n <aTK^—v\V x u n \ 2 + aK x ( 2e + aT— ) (t - s)vr) 2 \D 2 x u. |2 



2; 



(2.19) + a l K x ( 4e + 3aT~— I (t - s) 2 i/7/ 4 |Z^u„| 2 + 6a 3 (t - sfeKxvrf^lu. |2 



N, 



96,n <a 2 (t - s^r—TlV.Unl 2 + a 2 (t - s) V 
2s 

(2.20) + 6a 3 (t - s) V (K 2 v + er) \D 3 x u n \ 2 , 



2e + 3a—T } 



\D 2 x u n \ 
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TV TV 2 
97,n <a 3 (t - s )T 2 r, 2 r—\V x u n \ 2 + a 3 (t - s)T 2 r, 4 K 3 u—\D 2 x u n \ 2 
is Is 

(2.21) + 2a 3 {t - sfrfe {K s v + r) \D 3 x u n \ 2 . 
The function gg^ n can be estimated as follows: 

(2.22) 58i „ < a|V,u„| 2 + 2a 2 (i - s) V 2 \D 2 x u n \ 2 + 3a 3 {t - s) 2 V 4 \D 3 x u n \ 2 . 
Finally, taking Hypotheses 2.1(iv) and 2.1(vi) into account, we can estimate 

99,n < 2c w„ + T(l + T + T 2 )u 2 n + ai(t - s) (2Tg^ + + 3T 2 g^a) g 2 r] 2 \V x u n {< 

,4 2 1 



+ fl 5 (t - s y [2qv 1 + 3T^o 1 + a* J V g \D 2 x u n \ 2 
+ ai(t- s) 3 (6g 1 + a*) rf g 2 \D 3 x u n \ 2 . 
From (2.14), (2.18)-(2.21) we obtain, for any t e [0,T], 



9n < 

(2.23) 



- v + a + v 
+ a(t - s)rf 



vq + 2a + v 



a(t — s) 



/ fill jy2 

-1 + aT 2C" + 2 — + K 1 — 

\ s 2e 

TV 

2d + aT(l + aT)—r 
2e 



Va~ (2Tgo 1 + + 3T 2 go 1 Va)) g 2 

TV 2 



1 + 2e(4C" + TVi) + a 2 T 2 TV 3 



2s 



C" TV 2 
aT ( AC' + 4 — + K x — + 2K 2 

s s 







Ad + 


( 2£ + 3a | T ) 







+ y/a~(2g^ 1 +3Tg„ 1 + a^) £> 2 



T7 2 (i- S )77 2 |D 2 U „| : 



+ 3a + v 



- 1 +4e(4C" +Ki) 



( C" TV 2 

+ aT 6C" + 6 — + 3Kx + 2A' 2 (3 + e 

\ s 2s 

+ a(t - s) (2(3d + Asr) + x/a"^ 1 + J)p 2 ^j r? 2 J(i - s) 2 if\D 3 x u n \ 2 

+ 2a 3 (-1 + 3s(AC" + K\)) (t - s) 3 vr) 6 \D*u n \ 2 

(2.24) + {2c + T(l + T + T 2 )}v n . 

It is now easy to check that e and a can be fixed sufficiently small such that all the 
terms in the right-hand side of (2.24), but the last one, are negative. We thus get 

g n (t,x) < (2c Q + T(l + T + T 2 ))v n {t,x) := Cl v n (t, x), 

for any t € [0, T] and any x £ B(0, n). The maximum principle now yields 

(2.25) \v n (t,x)\ ^e^C-^lh/H^^e^ll/ll 2 ^ t £ (s, T], x e 5(0, n). 
The proof of Theorem 2.3 shows that the function u n converges to u in C 1,2 (D) 



for any compact set D C (s,T] 



pN 



We claim that u is thrice continuously 
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differentiable with respect to the spatial variables in (s, T] xR* and D^,u n converges 
to D^u as n — > +00, locally uniformly in (s,T] x M. N . Indeed, since the coefficients 
of the operator srf are smooth, the interior Schauder estimates imply that the first- 
order spatial derivatives of the function u n are bounded in C' 1+s ^ 2 ' 2+s (D) for any 
D as above. Ascoli-Arzela, theorem now yields the claim. Hence, taking the limit 
asn-> +00 in (2.25), estimate (2.13) follows at once. 

To prove (2.13) in the other situations when a,/3 S N and a < /?, it suffices to 
apply the same arguments as above to the function 


w(t,x) = Xy^~ s^-^rjix^lD^Unit^)] 2 , te(s,T], xeB(0,n), 
3=0 

where (-) + denotes the positive part of the number in brackets. 

2.2.2. The case when (a,/3) ^ N x N. As it has been already claimed, to prove 
(2.13) in the general case we use an interpolation argument. It is well known that, 
given four Banach spaces X x , X 2 , Y x , Y 2 , with Yi continuously embedded into Xi 
(i = 1,2), any linear operator S, which is bounded from X\ into X 2 and from Y\ 
into Y 2 , is bounded from the interpolation space (X x , Yi)e,oo into the interpolation 
space (X2,Y 2 )e,oo for any 9 £ (0, 1) and 

( 2 - 26 ) ll 5 'IU((-Yi,Y'i) () . oc ;(X 2 ,y 2 ) £)i00 ) < \\ S \\ 1 L{X u X 2 )\\ S \\l(Y 1 ;Y 2 )^ 

see e.g., [15, pag. 25]. We apply estimate (2.26) with X x = C b (R N ), X 2 ,Y X ,Y 2 = 
C$(M N ) and S = G{t, s). Since (C b (R N ), C^(R N )) e ,oo = C'f{R N ) (for any 9 G (0, 1) 
such that 36* i N) and (C$(R N ), C^(R N )) e ,oo = C$(R N ), with equivalence of the 
corresponding norms (see e.g., [15, Chapter 2, Section 7, Theorem 1]), from the 
results in Subsection 2.2.1, we obtain (2.13) with a € (0,3) and = 3. A similar 
argument allows us to prove (2.13) also when a < /? = 1, 2 and a ^ N. 
Now, we observe that the maximum principle yields 

\\G(t, S )\\ L(Cb{M N )} <C, s<t<T, 

for some positive constant C. Hence, applying (2.26) with X x = X 2 = C&QR ) and 
Yi = Y 2 = C$(R N ), (2.13) follows for any < a = j3 < 3 such that a,/3^N. 

To prove (2.13) in the general case, it now suffices to fix a and (3 £ [0,3], with 
a < (3, a, (3 £ N, and apply (2.26) with X x = X 2 = Y x = Cg(R N ), Y 2 = C^R") 
and 9= (3- a)- 1 ^ - a). 

Remark 2.5. Let / be a right-halfline and assume that Hypotheses 2.1, but 2 . 1 (i) , 

are satisfied with [0, T] being replaced by /. Further assume that 

(i') the coefficients qij,bj,c = l,...,N) are thrice continuously differen- 
tiable with respect to the spatial variables in / x and their first-, second- 
and third-order spatial derivatives are in C S / 2,S (D) for some 5 £ (0, 1) and 
any compact set D C / x R N . 

Then, for any a, (3 £ [0, 3], with a < (3, there exists a positive constant C = C{a, (3) 

such that 

(2.27) ||G(t, S )/|| cf(BW) <C(i- S )-^e c °(*- s )||/|| c?(RN) , / £ C"(R N ), 

for any s,t £ I with s < t. Here, cq is the constant in Hypothesis 2.1(vii). 
The proof of Theorem 2.4 shows that 

(2.28) \\G(t,a)f\\ cSoi s ) <C 1 (t- 3 )- B ^\\f\\ c? ^ ) , / £ C"(R N ), 
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for any t,s € I such that < t — s < 1 and some positive constant Ci, independent 
of s and t. On the other hand, if t > s + 1, by virtue of Proposition 2.2 we can split 
G(t, s)f = G(t, t - l)G(t - 1, s)f. Hence, from (2.10) and (2.13) with a = 0, [3 = 3 
we get 

||G(f, s)f\\ c , (mN) = \\G(t, t - l)G(t - 1, s)f\\ c , {RN) 

< dHCCt - 1, S )/||oo 

< Cie°°t'— ^H/lloo 

(2.29) <Cie°»(*— ^H/lloj.^. 

Estimate (2.27) now follows immediately from (2.28) and (2.29). 

2.3. Optimal Schauder estimates. Using the uniform estimates in Theorem 2.4, 
we will prove an existence and uniqueness result for the Cauchy problem 



(2.30) 



D t u(t,x) = (Au)(t,x) +g(t,x), t€[0,T], x£~R N , 
u(Q,x) = f(x), xeR N . 



as well as optimal Schauder estimates for its solution. For this purpose, we introduce 
the following definition. 

Definition 2.6. For any a $ N, we denote by C°' Q ([0,T] x R N ) the set of all 
continuous functions / : [0 ) T]xK A '^I such that f(t,-) G C"(R N ) for any 
t G [0, T] and 

ll/llc°'"([0,T]xB«) : = SU P OllcffR-N") < +°°- 

te[0.T] 

We state the main result of this first part of the paper. 

Theorem 2.7. Suppose that Hypotheses 2.1 are satisfied. Fix 8 G (0,1), g G 
C°' e ([0,T]xR N ) andfe C* +8 (R N ). Then, problem (2.30) admits a unique bounded 
classical solution. Moreover, u(t,-) G C^ +e ($L N ) for any t G [0,T] and there exists 
a positive constant C such that 

(2.31) |M|c°> 2 + e ([0,T]xR«) < C (||/|lc2+ 8 (RN) + ll3llc°' 8 ([0,T]xK JV )) ■ 

Proof. The proof can be obtained repeating almost verbatim the arguments in the 
proof of [13, Theorem 2] (see also [2, Chapter 5]). For the reader's convenience we 
sketch it. 

The uniqueness part of the assertion is an immediate consequence of the maxi- 
mum principle in Proposition 2.2. 

As far the existence part and the optimal Schauder estimates are concerned, 
we show that the solution to problem (2.30) is given by the variation-of-constants 
formula 

(2.32) u(t,x) = (G(t,0)f)(x)+ f (G(t,r)g(r,-))(x)dr, t G [0,T], x G R N , 



as in the classical case of bounded coefficients. Of course, it is enough to consider 
the convolution term in (2.32) (which we denote by v). The main step of the proof 
consists in showing that v belongs to C°' 2+e ([0, T] x M. N ) and 

(2-33) IMIc . 2 + 9 ([0,T]xK N ) < C||.9llc . 8 ([0,T]xK JV )) 
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for some positive constant C, independent of g. Estimate (2.33) follows from the 
interpolation argument in [12], based on the uniform estimates of Subsection 2.2. 

is split into the sum v(t, •) = a^(t, ■) + b^(t, •) where 

(G(t,r)g(r,-))(x)dr, £e[0,i), 
(G(t,r)g(r,-))(x)dr, otherwise, 




and 



b/:(t,x) 



(G(t,r)g(r,-))(x)dr, te[0,t), 



0, otherwise. 



The uniform estimates in Theorem 2.4 can be used to check that a^(t, •) and b^(t, •) 
belong respectively to Cj*(R N ) and C% +a (R N ) for any a G (9, 1). Moreover, 

ll a f(*> ■)\\c° l (R N ) + £ll&f(*> •)llc^ +Q (R N ) - Cl^ 1_(Q_e)/2 |l.9llc°"([0,T]xE«), 

for some positive constant C\, independent of £ and g. This estimate shows that 
v(t, •) belongs to the interpolation space (C°(NL N ), C^ +a (R JV ))i_( Q _e)/ 2i oo f° r an y 
t G [0,T], and 

■)H(C°(R«),C 6 2+Q (K«)) 1 _ (cl _ ())/2 , 00 - C 'lll5llc ' s ([0 : T]xR«) J 

for any t G [0,T]. Since (^(M^), C fc 2+Q (R A ')) 1 _ (a _ e)/2 , 00 - C^+^K^) with cquiv- 
alence of the corresponding norms (see [15, Chapter 2, Section 7, Theorem 1]), 
estimate (2.33) follows. 

Estimate (2.33) combined with the fact that v is continuous in [0, T] x R^, 
shows that the spatial derivatives of u, up to the second-order, arc continuous in 
[0,T] x R N . 

To conclude the proof, one just needs to show that the function v is differcn- 
tiable with respect to time in [0, T] x and D t v = srfv + g, but this is rather 
straightforward and the proof is omitted. □ 

Remark 2.8. (i) The proof of Theorem 2.7 shows that the constant C in (2.31) 
only depends on the constants in (2.13) which, in their turn, only depend on 
the constants Cj, Kj, Lj (j — 1,2,3) as well as the ellipticity constant i>q in 
Hypotheses 2.1. 

(ii) Formula (2.32), Theorem 2.3 and the proof of Theorem 2.7 show that the as- 
sumption / G Cb(R. d ) is enough for problem (2.30) to have a bounded classical 
solution. 



3. The case when the diffusion coefficients are only measurable in 

THE PAIR (t, x) 

In this section, we consider some situation in which the diffusion coefficients are 
bounded but not continuous in [0,T] x M. N . 

To state our standing assumptions and, then, the main result of this section, let 
us give the following definition, which is the counterpart of Definition 2.6 in this 
new setting. 

Definition 3.1. Fix a > 0. 
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(i) M°- a ([0,T] x R N ) denotes the space of all measurable functions / : [0,T] x 
R N — ► E such that /(t, •) G C Q (5(0,i?)) for any i G [0,T] and any i? > 0, 
and the supremum of the C a (B(0, i?))-norms of f(t, ■), when t runs in [0,T], 
is finite for any R > 0. Note that it may blow up as R — ► +oo. 

(ii) 5°' Q ([0,T] x E^) denotes the subset of A/°- Q ([0,T] x R N ) of all bounded 
functions / : [0, T] x R N — > E such that /(i, ■) G C h Q (E w ) for any t G [0,T] 
and the supremum of the C^-norms of /(t, •), when t runs in [0,T], is finite. 
We norm B Q ' a ([0,T] x R N ) by setting 

II/IIb°.°([0,T]xR«) : = SUp \\f(t, •)||c"(R N )- 

te[o,T] 

Hypotheses 3.2. 

(i) the coefficients g y = g^, (i, j = 1, . . . , N) and c belong to M°- 3+s ([0, T] x 
E w ) for some S G (0,1). 

(ii) Hypotheses 2.1(m) to 2.1(zm) are satisfied with [0, T] being replaced by T>, 
where [0, T] \ V is a negligible set. Moreover, for any x G R N , the functions 
d(-,x), r(-,x) and g(-,x) are bounded and measurable in (0,T). 

Since the coefficients of the operator s4 are not continuous, we do not expect 
that the Cauchy problem 

J D t u(t,x) = (Au)(t,x) +g(t,x), t€[0,T}, xeR N , 
1 u(0, x) = f(x), x G R N . 



(3.1) 



has a solution u with the smoothness properties in Theorem 2.7 even if the data 
/ and g are smooth. In the spirit of [6, 10, 11], we give the following definition of 
solution to problem (3.1). 

Definition 3.3. Let / 6 C£(R N ) and g be a bounded and measurable function 
such that g(t, •) is continuous in R N for any t G [0, T]. A bounded function u : 
[0, T] x R N — > E is called a solution to (3.1) if the following conditions are satisfied: 

(i) the function u is Lipschitz continuous in [0, T] x B(0,R) for any R > 0, its 
first- and second-order space derivatives are bounded and continuous functions 
in [0,T] x E w ; 

(ii) u(0, x) = f(x) for any x G R N ; 

(iii) there exists a set G C [0, T] x R N , with negligible complement, such that 
D t u(t, x) = g/u(t,x) + g(t,x) for any (f, a;) G G. Moreover, for any x G 1*, 
the set G x = {t G [0, T] : (i, x) G G} is measurable with measure T. 

Let us now prove the following lemmas which play a fundamental role in the 
proof of the main result of this section. 

Lemma 3.4. Let f G M°< ([O,T] x R N ) for some 6 G (0, 1). Then, the following 
properties hold. 

(i) The function f(-,x) is measurable for any x G R N . 

(ii) There exists a measurable set C C [0, T], whose complement is negligible in 
[0, T], such that the function F : [0,T] x E^ — » E, defined by 

F(t,x)= f f(s,x)ds, (t, x) G [0, T] x 1*. 
Jo 

is differentiate with respect to t in C x E w and, therein, DtF = f . 
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Proof, (i). Since / is measurable, the function f(-,x) is measurable in (0,T) for 
almost any x £ Mr. Let us denote by H the set of all x £ M. N such that the 
function f(-,x) is measurable, and prove that H = R N . For this purpose, we 
observe that, since it has a negligible complement, H is a dense subset of M. N . 
Hence, for any x £ M. N , there exists a sequence (x n ) C H converging to x in M. N . 
Since / G M°' e ([0,T] x R N ), the function f(t,-) is Holder continuous in B(0,R) 
of exponent 9, uniformly with respect to t £ [0,T], where R := max n6 ^ \x n \ + 1. 
Hence, there exists a positive constant C, independent of n and t, such that 

\f(t,x)-f(t,x n )\ < C\x-x n f, t£[0,T]. 

This shows that f(-,x n ) converges to the function f(-,x) uniformly in [0,T]. Con- 
sequently, f(-,x) is measurable in [0,T]. 

(ii). Since, by step (i), /(•, x) £ L°°(0, T) for any fixed x £ R N , the function F is 
well defined and, for any x £ M. N , there exists a measurable set C Xi with negligible 
complement, such that F(-, x) is differentiable in C x and D t F(t, x) = f(t, x) for any 
t£C x . 

Let us set C = n x£Q NC x and fix (t,x) £ C x R N . Further, let (x n ) C Q N 
converge to x as n — > +00. Then, for any h £ M. \ {0}, we can estimate 



F{t + h,x) -F(t,x) 



f(t,x) 



<- 



<- 



1 

]h\ 
1 

]h\ 



t+h 



\f(s,x) - f(t,x)\ds 



t+h 



\f(s,x) - f(s,x n )\ds 
\f(t,x n )-f(t,x)\ 



1 

W\ 



t+h 



\f(s,x n ) - f{t,x n )\ds 



te[o,T] 

where i? := max ng N l^n 
F(i + h) 



t+h 



lim sup 



- 1. Letting /i 
F(t) 



|/(s,x„) - /(i,a; n )|efs 
■ 0, we get 

< 2 ||/|| S 0,£)([ OT ] XR N)|X - X n f, 



for any n £ N, which implies that i* 1 is differentiable with respect to time at (£, x) 
and D t F(t, x) = /(i, a;). This completes the proof. □ 



Lemma 3.5. Assume that Hypotheses 3.2 are satisfied. Then, there exist sequences 
{bj ) an d (c^) m'tt i/ie following properties: 



(i) ?. 



(™) 



1, . . . , N), c^ n ' and their spatial derivatives, up to the third- 



order, belong to C s / 2 ' 5 ([0,T] x B{0,R)) for any R > 0; 

(ii) there exists a measurable set £ C [0,T], whose complement in [0,T] is negli- 
gible, such that, for any i,j = l,..., N, and c-^ converge pointwise 
in £ x M. N , respectively to qij, bj and c, as n — > +00; 

(iii) for any n £ N, the functions b^ (i,j = 1, . . . ,7V) and c^ satisfy Hy- 
potheses 2.1(H) to 2.1(vii) with the functions v,d,r,g being replaced by new 
functions v n , d n ,r n , g n and the same constants C, Li, L 2 , L 3 . Moreover, there 
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exist two positive constants v$ and cq such that v n {t, x) > i>o and c n (t, x) < cq 
for any (t, x) G [0, T] x R N and any n G N. 

Proof. By Lemma 3.4, the functions Qij(-,x), bj(-,x) (i,j = 1,...,JV) and c(-,x) 
are in L°°(0,T) for any x G M. N . Thus, for any n G N, wc can define the functions 

3mj ^ii anc ^ c ^ setting 




for any (t, a;) G [0, T] x R N and any i, j = l,...,N. Clearly, ^ n) , 6} n) and c^ and 
their spatial derivatives, up to the third-order, belong to C s / 2,s ([0, T] x B(0, R)) for 
any i, j = 1, . . . , JV and any R > 0. 

Let us prove that, for any z, j = 1, . . . , JV, qf^ converges pointwise in £ x to 
qij, for some measurable set £ C [0, T] whose complement is negligible. Then, the 
same argument can be applied to prove the convergence of b ™ and c^ to bj and 
c, respectively. 

Since q^\-,x) — > qij(-,x) in L P (Q,T) for any p G [l,+oo), any x G and 
any i,j = 1, . . . , JV, we can find out an increasing sequence (nf) C N such that the 
subsequence q^ k \t, x) converges to qij(t, x) as n tends to +oo almost everywhere in 
(0,T). By a classical diagonal procedure, we can determine an increasing sequence 
(rife) C N and a measurable set £ C [0,T], whose complement is negligible in [0,T], 
such that 

(3.2) lim q% k \t,x)=q ij (t,x), (t, x) G £ x Q N , i,j = l,...,N. 

Let us now show that we can extend (3.2) to any (t, x) G £ x Mr . For this 
purpose, we fix (t, x) G £ x 1* and a sequence (x m ) C Q w converging to x as m 
tends to +oo. Since 

Sup \\q^ k \t,-)\\c>>{B(0,R)) < SUP hij(t,-)\\ce(B(0,R)), 

te(o,r) te(o,T) 
for any i, j = 1, . . . , JV, where R = 1 + sup mgN |a5 m |, we can write 

\ q ^\t,x)- qij (t,x)\ 

< |^™ fe) (*, - q^ k \t, x)\ + |^™ fc) (t, a: m ) - q lJ (t,x m )\ + \ qij (t, x m ) ~ q lJ {t,x)\ 
(3.3) 

<2 SUp \\qij{t, OllcfSfO.H))! 35 ~ ^ml" + k l ( 7 " fc) ( t . a; 'n) ~ ?ij(*)»m)|, 

te(o,T) 

for any fc,?7i G N. Taking, first, the limsup as k — > +oo in the first- and last-side 
of (3.3), and then letting m — > +oo, (3.2) follows, for any x G K . Property (ii) is 
proved. 

Let us now prove property (iii). Taking Hypotheses 2.1(i) into account, we get 
(Q {n) (t,x)Z,0 > 1^ £ Kr,x)e-^- T \ 2 dr:=^(t,x)\e, 
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for any £ G 1 N , any (t,x) G [0,T] x R w and any n G N, where = (q\f). 

Note that the function v n can be bounded from below in [0, T] x by a positive 
constant, independent of n. Indeed, 

v n (t,x) > ^o(-£:) 2 e"^ r2 dr + ^ e^'dr 

(3-4) > -^/V^ S , 

V 71 " Jo 

for any G [0,T] x K w . 

Now, an easy computation shows that, for any n G N, the functions - , 6^ 

(i, j = 1, . . . , AT) and c^™- 1 satisfy Hypothesis 2.1(iii) and 2.1(v) as well as conditions 

(2.4)-(2.6), with the same constants Cj and Kj (j = 1,2,3) and v,d,r,Q being 

replaced with the functions v n ,d n ,r n , g n , where 

dn(t,x) = (J^j 2 J d(r,x)exp T | 2 ) dr , 

I r(T,x)exp(-l\t-T\>)dT, 



r n (t,x) 



Q n (t,x) = (J^J 2 J £>(r, x) CX P (-^l i ~ T | 2 ) 



for any (t,x) G [0, T] x K^. Arguing as in the proof of (3.4), we can easily show 
that 



T 

Qn(t,x) > / e~i s2 ds. 

2 V 7r Jo 



Moreover, integrating condition (2.7) we get 

i i-T 



— r 1 

d n (t,x) +L 1 r n (t,x) + L 2 {j^) 2 J g 2 {r,x)exp ( _ ^I < ~ T | 2 ) dl ~ ^ L 3 v n (t,x), 
for any (t, x) G [0, T] x M. N and any n G N. Holder inequality yields 



v 1 rT 
( n \ 2 

V4t7 



Q 2 {T,x)exv(-j\t-r\ 2 )dT>^U Q {T 1 x)^ v ( r \\t-T\ 2 )dT 



= {Q W {t,x)f, 

for any (t, x) as above. Hence, condition (2.7) is satisfied with d, r, g being replaced 
byd g n and the same constants Li,L 2 ,L 3 . 

Next, we observe that & n ' satisfies Hypothesis 2.1(iv) with Cq being replaced by 

T 

CO f 2 -l s 2 , 

e 4 ds. 



Finally, integrating condition (2.8) with respect to time, we easily deduce that 

sup {(si/( n ' > ip)(t,x) — \ip(x)} < sup {(£/(p)(t,x)-\(p(x)} < +0O, 
(t,i)e[i),T]xE« (t ; i)e(o,T)xi" 
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for any n £ N, where by srf^ we have denoted the elliptic operator whose coeffi- 
cients are q\™\ b^ = 1, . . . , N) and c^ n \ This completes the proof. □ 

We now consider the following maximum principle, which generalizes Proposition 
2.2 to the case of noncontinuous coefficients. 

Proposition 3.6. Assume that Hypotheses 3.2 are satisfied and let u be a solution 
to problem (3.1), in the sense of Definition 3.3, corresponding to f £ C£(BL N ) and 
a bounded and measurable function g : [0, T] x R N — > R such that the function g(t, •) 
is continuous for any t 6 [0, T] . If f < and g < 0, then u < 0. 

Proof. To begin with, we observe that there exists a positive function (p : M. N — > R 
which blows up as |a;| — > +oo and £/(p- \ip <0 in [0, T] x l w for some A > 0. It 
suffices to replace in Hypothesis 2.1(vii) the function cp and the positive constant 
A, respectively, with the function ip — ip + C and A = max{A, 2co}, and to take C 
sufficiently large. 

Let it be a solution to problem (3.1). For any n £ N, we introduce the function 
v n : [0, T] x R N — > R defined by 

v n (t, x) = e~ xt u(t, x) - -<p(t, x), (t, x) G [0, T] x R N . 
n 

Clearly, v n € W^ifaT) x B(0,R)) C ^'^((0,^ x B(0,R)) for any i? > 0, 

it satisfies the differential inequality D t v n — &/v n + Xv n < e~ x 'g in the sense of 
distributions, and v n (0, ■) < f. Hence, the Nazarov-Ural'tseva maximum principle 
(see [14, Theorem 1]) may be applied. It yields 

V n (t,x) < SUp V+(t,x), 

(t,x)e(0,T)xdB(0,R) 

for any (t, x) £ [0, T] x B(0, R) and any R > 0. Here, v„ denotes the positive part of 
the function v n . Since, for any n £ N, v n {b, x) tends to — oo as |x| — > +oo, uniformly 
with respect to t, v n (t,x) < for any (t,x) £ [Q,T] x M. N . Letting n — > +oo, yields 
the assertion. □ 

We are now in a position to prove the main result of this section. 

Theorem 3.7. Let Hypotheses 3.2 be satisfied. Fix 6 £ (0, 1) and suppose that 
f £ Cl +9 {R N ) and g £ B°' 8 {[0,T} x R N ). Then, the Cauchy problem (3.1) admits 
a unique solution u, in the sense of Definition 3.3. The function u belongs to 
B°' 2+e ([0, T] x M. N ) and there exists a positive constant C, independent of f and g, 
such that 

\\u\\b°- 2 +<>([0,T]xR n ) < C (ll/llc^ +8 (K«) + Hsll-B°<«([0,T]xR«)) ■ 

Proof. The uniqueness of the solution is a straightforward consequence of the max- 
imum principle in Proposition 3.6. 

To prove that problem (3.1) actually admits a solution in the sense of Definition 
3.3, we use an approximation argument. For any n £ N, we introduce the operator 
,0K n ) defined by 

N N 
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where the coefficients g^™ , bj = 1,...,N) and are defined in Lemma 

3.5. We further approximate the function g by a sequence of functions g^ n > € 
C°' e ([0,T] x R w ), defined by 

g^(t,x) = j\(j,x) C ^{-- A \t-r\ 2 )dr, (t,x)e[0,T}xR N . 

Clearly \\g^ ||c°.«([o,t] xr«) < II.9||bii^([o.t]xr«) for any n € N. Moreover, by the 
proof of Lemma 3.5, there exists a set T>, whose complement is negligible in [0,T], 
such that g( n >(t,x) tends to g(t,x) as n — » +00, for any (t,x) £ T> X R N . Again, 
Lemma 3.5 implies that the coefficients of the operator s^^ n > satisfy Hypotheses 
2.1, with constants independent of n. Hence, the Cauchy problem 

I %(i,i) = i(")n(i,i) + ()W(i,4 te[0,T], xeR N , 
{ u(0,x) = f(x), x e R N , 

admits a unique classical solution u n which belongs to C°' 2+e ([0,T] x M. N ) and 

||Un||c - 2 + 8 ([0,T]xK JV ) < Cl (jl/llc 2+e (R N ) + \\c°> e ([0,T] xt»)) 

(3-6) < Ci M|/|| C 2+9( R W) + ||ff||B°' 9 ([0,T]xR JV )J ) 

for some positive constant C±, independent of n (see Remark 2.8(i)). 

From the differential equation in (3.5) and the estimate (3.6) it follows that, for 
any R > 0, the sequence (Dtu n ) is bounded in [0, T] x B(0,R). As a byproduct, 
ll u n||Lip([o,T]xB(o,.R)) < C fo r some positive constant, independent of n. Using an 
interpolation argument, we can now show that the functions DiU n and DijU n (i,j = 
1, . . . , N, n e N) are equibounded and equicontinuous in [0, T] x B(0, R). Indeed, 
it is well known that there exists a positive constant K such that 

1 + 9 1 

Wi>\\cHB(0,R)) < K U\\^ B {0,R))UWV^+0{B{0,R)y 

e 2 
U\\c*{B(0,R)) < K U\\c\B(0,R))MW+HB(0,R)y 

for any if) g C 2+e (B(0, R)). It follows that 

\\VxU n (t, •) - V x U n (s, -)\\c(B{0,R)) 

i+e i 
<K\\u n (t, •) — U n [S, •)llc(B(0,K))ll Un (^' ') ~ ')llc?2+e(s(0,Ji)) 

i i+fl 1+fl 

— ^ll' U ™llc'0.2+9([0,T]xR JV )[' Un JLip([0,T]xB(0,H))l* ~ s l 2+8 

< K 8 (ll/llc=+ e (RW) + ll.9lls".»([0,T]xR«)) I* ~ 

and, similarly, 

||L> 2 it„(t, •) - D 2 u n (s, -)\\c(B(o,R)) 
< K e (ll/llc£+ e (R*) + ||.9||b".»([o,t]xk«)) I* - sl^+t, 

for any s, t G [0, T]. Here, Ag, Ag and K' g ' are positive constants which may 
blow up as R — > +00. The previous estimates show that, for any i, j = 1, . . . ,N, 
the sequences (Dju n ) and (D^jU n ) are equibounded and equicontinuous in [0,T] x 



B(0,R). Since A is arbitrary, by Ascoli-Arzela theorem there exists a function 
u e C°' 2 ([0,T] x R w ) and a subsequence (u n J converging to u in C°< 2 ([0,T] x A') 
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for any compact set K c R . Moreover, u belongs to Lip([0, T] x B(0,R)) for 
any R > 0. Hence, for any a; <G R N , the function u(-,x) is differentiable almost 
everywhere in (0, T). Clearly, u(0, •) = / since u nk {0, ■) = / for any fc e N. 

To complete the proof, let us show that u is differentiable with respect to t in 
G x 1 N , for some measurable set G C [0, T], whose complement is negligible, and 
D t u(t,x) = £/u(t,x) + g(t,x) for such values of t. For this purpose, we observe 
that, for any (t, x) € [0, T] x R N , it holds that 



Jo ^ ' 
Taking Lemma 3.5 into account, we can let k — > +oo in both the sides of (3.7). 
This yields 



The assumptions on the coefficients of the operator and the regularity properties 
of the function it, already proved, imply that the function s/u + g satisfies the 
assumptions of Lemma 3.4(ii). Therefore, there exists a set G C [0,T], whose 
complement is negligible in [0,T], such that u is differentiable in G x M. N with 
respect to the time variable and Dtu = stfu + g in G x M. . This accomplishes the 
proof. □ 

Taking Remark 2.8(i) into account and using the same argument as in the proof 
of Theorem 3.7, one can show that Theorem 2.7 holds true also under a slightly 
weaker regularity assumption on the coefficients of the operator si '. More precisely, 

Theorem 3.8. Suppose that Hypotheses 2.1 are satisfied, but 2.1(i), in which the 
space C 5 / 2 ' S ((0,T) x B(0,R)) is replaced with C°< 5 ([0,T] x B(0,R)) (defined as in 
Definition 2.6, with R w replaced by B(0,R)). Then, the assertion of Theorem 2.7 
holds true. 



In this section, we exhibit a class of nonautonomous elliptic operators with un- 
bounded coefficients that satisfy the assumptions of Theorems 3.7 and 3.8. 
Let s/ be the elliptic operator defined by 

N 



Cam*) =(i + M 2 ) p E i 0) (*.*)Ai<K*) + b (0) (t)(i + \x\ 2 Y{x,v^{x)) 



for any (t, x) € [0, T] x 1*, on smooth functions ip : M. N — > R. We assume that the 
coefficients of the operator si satisfy either 

Hypotheses 4.1. 

(i) The functions q^' (i,j = 1, . . . ,N) and c*- -* are thrice continuously differen- 
tiable with respect to the spatial variables in [0,T] x R . Moreover, they are 
bounded together with their spatial derivatives up to the third-order. Fur- 
ther, there exists 8 £ (0, 1) such that, for any R > 0, the third-order spatial 
derivatives of qy^' (i,j = 1 , . . . , N) and are i5-H61der continuous in B(0, R), 
uniformly with respect to t £ [0, T]; 



(3.7) 






4. An example 



+ (c^(t,x)-\x\ 2r )^x), 
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(ii) there exists a positive constant vq such that 

(Q m (t 7 x)t,0 >^\ 2 , te[0,T], x,£eR N ; 

(iii) p, g,r£ NU {0} satisfy p < q; 

(iv) the function is continuous and b^°\t) < for any t £ [0,T], 
or 

Hypotheses 4.2. 

(i) The functions q$ = 1,...,N) and c<°) arc B°- 3 ([0,T] x R N ) and the 
third-order spatial derivatives are in M°' S ([0 7 T] x R w ) for some 5 £ (0, 1); 

(ii) there exists a positive constant vo such that 

where -F is a measurable set whose complement is negligible in [0,T]; 

(iii) p, g,r£ NU {0} satisfy p < q; 

(iv) the function b^ ' is bounded and measurable in (0, T) and there exists a neg- 
ative constant bo such that b^(t) < bo for almost any t £ (0,T). 

Let us check that, under Hypotheses 4.1, the operator srf satisfies the assumptions 
of Theorem 3.8. The same arguments will show that, if srf satisfies Hypotheses 4.2, 
then it satisfies also Hypotheses 3.2, so that Theorem 3.7 holds true. 

It is immediate to check that the coefficients qij , bj and c, where 

q ij (t,x)=q<? ) (t,x)(l + \x\ 2 y, 

b j (t,x)=bW(t)x j (l + \x\ 2 y, 

c(t,x) = c ( -°\t,x)-\x\ 2r , 

for any (t, x) £ [0, T] x 1* and any i, j — 1, . . . , N, arc thrice continuously diffcrcn- 
tiable with respect to x, and, for any R > 0, the third-order derivatives are Holder 
continuous of exponent 5 with respect to the variable x £ 73(0, i?), uniformly with 
respect to t £ [0, T]. Similarly, checking Hypotheses 2.1 (ii) to 2.1(v) is an easy task. 
As far as Hypothesis 2.1(vi) is concerned, we observe that 

(Db(t,x)U) = b { " ] (t)(l + M 2 )*- 1 ((1 + \x\ 2 M\ 2 + 2q(t,x) 2 ) , 

for any t £ [0, T] and any x,£ £ R w . Since b is negative in [0,T], we can estimate 

{Db(t,x)Z,£) < b (l + \x\ 2 ) q \t;\ 2 := d(t,x)\Z\ 2 , 

for any t, x, £ as above, where bo '■= sup te j t] b ■ ^ ^ s then easy to check that 

\D%{t,x)\ <Ki(l + |af)«, |/3| =2,3, 

\Df>c(t,x)\ <K 2 (l + \x\ 2 ) r , 1/31 = 1,2,3, 

for some positive constants K\ and k 2 , any (t, x) £ [0, T] x 1* and any j = 1, . . . , TV. 
Hence, we can take r(t,x) := «i(l + |a;| 2 ) g and g(t,x) := k 2 (1 + \x\ 2 ) r in (2.5) and 
(2.6). Condition (2.7) then reads as follows: 

6o(l + M 2 ) 9 + + M 2 ) 9 + L 2 k 2 2 (1 + \x\ 2 ) 2r < L 3 i*(l + \x\ 2 f, 

for any t £ [0,T] and any x £ l w . This inequality is clearly satisfied by suitable 
constants Li,L 2 ,L^ by Hypothesis 4.1 (iii). Finally, taking <p(x) = 1 + \x\ 2 for any 
x £ R N , we get 

(s*<p)(t,x) = 2Tr(Q(t,x)) + 26^°) (t) |a;| 2 (1 + \x\ 2 f + (c (t,x) - \x\ 2r )(l + \x\ 2 ) 
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(4.8) < 2||Q(°)|| 00 (1 + \x\ 2 r + 2b \x\ 2 (l + |a;| 2 )« + (l|c (0) ||oo - \x\ 2r ){l + \x\ 2 ), 

where ||<2^||oo = sup( t ^gmtJxk™ x )\\ ■ Due to Hypothesis 4.1(iii), we can 

estimate the last side of (4.8) from above by k 3 + Hc^H^l + \x\ 2 ) for any (t, x) € 
[0,T] x 1^ and some positive constant k 3 . Hence, Hypothesis 2.1(vii) is satisfied 
with A = II^Hoo +K 3 - 
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